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ABSTRACT. Some systems of parabolic equations with nonlocal initial conditions are studied. The systems 
arise when considering steady-state solutions to diffusive age-structured cooperative or competing species. Lo- 
cal and global bifurcation techniques are employed to derive a detailed description of the structure of positive 
coexistence solutions. 



1. Introduction and Main Results 

In this paper we characterize the structure of positive solutions to certain systems of coupled para- 
bolic equations with nonlocal initial conditions. Such systems arise as steady-state equations of two age- 
structured diffusive populations which inhabit the same spatial region. The interaction between the two 
species is either of cooperative, competing, or predator-prey type leading to different structures of posi- 
tive solutions. Denoting the density of the two species by u = u(a,x) ^ and v = v(a,x) ^ with 
a e (0, a m ) and x e f2 c R™ referring to age and spatial position, respectively, the models we shall focus 
on are of the form 

d a u — Ajju = —a\u 2 + a-ivu , a e (0, a m ) , x e £1 , (1-1) 
d a v — Adv = — f3iv 2 + fcuv , ae(0,a m ), xeil, (1.2) 
subject to the nonlocal initial conditions 

u(0,x)=r]\ 61(a) u(a, x) da , x e ft , (1.3) 
Jo 

62(a) v(a, x) da , x 6 Q . (1.4) 



The equations are the steady-state equations of the corresponding time-dependent age-structured equations 
with diffusion. We refer to ll30l for a recent survey on the formidable literature about age-structured popu- 
lation models. 

The operator — Ac in Jl.lt . dl.2l ) stands for the negative Laplacian on with subscript D indicating that 
Dirichlet conditions 

u(a, x) = v(a, x) = , a e (0, a m ) , x e dCl , 

are imposed on the smooth boundary dQ of the bounded domain fi. Normalization to 1 of the diffusion 
coefficients in ( 11.11 ). ( 11.2b is a purely notational simplification. The number a m > denotes the maximal 
age of the species. Equations ( 11.31 ). (11.41 ) represent the age-boundary conditions reflecting that individuals 
with age zero are those created when a mother individual of any age a e (0, a m ) gives birth with rates 7761 (a) 
or £62 (a). The functions bj = bj(a) ^ describe the profiles of the fertility rates while the parameters 
rj. £ > measure their intensity without affecting the structure of the birth profiles. For easier statements 
of the results we assume the birth profiles 

bj e £j((0, a m )) with bj(a) > for a near a m , j = 1, 2 , (1.5) 
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are normalized such that 

bj(a)e- Xia da = 1 , j = 1,2, (1.6) 

where Ai > denotes the principal eigenvalue of -A^ on f2. 

Assuming ol\,ol%,^\,^2 > 0, the form of the interaction between the two species is determined by 
the signs on the right hand side of equations ( II. lb . dl.2t . Replacing + by a positive sign + in both of 
the equations ( II. Il l and ( 11.2V ) corresponds to a system (see ( 11.111 ) , ( 11.121 ) below) where the two species are 
cooperative, while the case with + replaced by negative signs — in each equation dl.lt and d 1 .2b (see ( 11.141 >, 
( II .15t below) reflects a competition of the species. The case with mixed signs, e.g. a negative sign — in 
dl.lt instead of + and a positive sign + in ( 11.2b describes a predator-prey-system (see (11.17b . ( 11.181 ) below) 
with a prey density u and a predator density v. 

This last case of a predator-prey-system was studied in [29] and local and global bifurcation phenomena 
of positive nontrivial solutions with respect to the parameters 77 and £ were obtained. In the present paper, 
we shall derive global bifurcation results for the cooperative and the competition case. Depending on 7/ and 
£ we shall give a rather complete description of positive coexistence solutions, that is, of solutions (u, v) 
with both components u and v positive and nontrivial. Moreover, we shall also improve the local bifurcation 
result 11291 Thm.2.4] to a global one. 

We like to point out that variants of the elliptic counterparts to ( ll.ll )-( fL2l when age-structure is neglected 
from the outset have been intensively studied in the past, e.g. see flU [5] [7] HD ID QT| [T2] [13] [18] [19] [20] [21] 
[22] [24j [3T|. Concerning equations for a single specie, e.g. variants of dl.lt subject to (11.3b . we refer to 
G2 H6][22 [26] [27] [28). 

To state our results for the present situation, we shall keep £ fixed and regard 77 as bifurcation parameter 
in the following. We thus write (77, u, v) for solutions to dl.lt - dl.4t with u, v belonging to the positive cone 
W+of 

W q := L,((0, am), W^(O)) n V^((0, a m ),L q (fl)) 
for q > ?i + 2 fixed, but remark that all our solutions will have smooth components u, v with respect to 
both a e J and x e CI. We say that a continuum £ (i.e. a closed and connected set) in M. + x W+ x W+ of 
solutions (77, u, v) to ( 11.1 b -( fTT4T > is unbounded with respect to 77, provided the 77-projection of £ contains an 
interval of the form (7/0, 00) with 770 e M + , and we say that £ is unbounded with respect to the u-component 
in W 9 provided there is a sequence ( (77^ , Uj, Vj))j e f$ in £ with IujUw, — > 00 as j — >■ 00. An analogous 
terminology shall be used if £ is unbounded with respect to the w-component. 

Clearly, problem ( 11.1 b -( fT~4T > decouples when taking either u or v to be zero. Noticing that Theorem lA.4l 
from the appendix provides for each 77 > 1 a unique solution u n e W+\{0} to 

d a u — A]ju = — ot\u 2 , it(0, ■) = 77 61(a) u(a, ■) da , (1-7) 

Jo 

and similarly for each £ > 1 a unique solution e W+\{0} to 

d a v - A D v = -p lV 2 , u(0,-)=f &2(o)v(<v)dfl, (1.8) 

Jo 

there is, independent of what the signs + in dl.ll ). dl.2t are, for any £ ^ the trivial branch 

»o:={(^,0,0);77^0} 

and the semi-trivial branch 

«8i := {(77,^,0) ; 77 > 1} c R+ x (W+\{0}) x W+ (1.9) 
of solutions. For £ > 1, an additional semi-trivial branch 

<B 2 := {(77,0,U{); r] > 0} c R+ x W+ x (W+\{0}) (1.10) 
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exists. Depending on the signs + in ( 11.11 ), d 1 .2b we shall establish further local and global bifurcation of 
coexistence solutions from these semi-trivial branches. 

1.1. Cooperative Systems. We first consider the cooperative case 

d a u — Adu = — ot\u 2 + a-ivu , ae(0,a m ), x e £1 , (1-11) 
d a v — Ajjv = — f3iv 2 + P2UV , a e (0, a m ) , x e ft , (1-12) 

subject to the nonlocal initial conditions 



61(a) u(a, x) da , w(0,x)=^ 62(a) v(a, x) da , 
Jo 



Recall that QSi is the only semi-trivial branch of solutions to ( 11.11 b -< fTTT2l > if £ < 1. Thus, if £ < 1 we shall 
derive bifurcation with respect to the parameter 77 from the semi-trivial branch 25 1 consisting of solutions of 
the form (77, u v , 0). The case £ < 1 is therefore more involved than the case £ > 1 where we shall establish 
a bifurcation from the semi-trivial branch 252 consisting of solutions of the form (77, 0, i>f ). 

Theorem 1.1. There is v e [0, 1) with the property that for each £ e (y 1 1) there exists 770 := 770 (£) > 1 
such that (770,7/770,0) e 23i is a bifurcation point. There is an unbounded continuum £1 of coexistence 
solutions (77, u, v) in K + x (W+\{0}) x (W+\{0}) to dl.l U -( fTT2l subject to dT3T>-dT~4b emanating from 
(770, itjjo, 0). Near f/ze branch 25 1, f/ie continuum £1 is a continuous curve. There is no other bifurcation 
point on 25i to positive coexistence solutions. 

The precise values of v and of 770(C) > 1 are related to spectral radii of some operators and are given in 
d3.21 > and (13.31 >. respectively. Actually, we conjecture that v = 0, see Remark IXTl 



If £ > 1, then a global continuum of coexistence solutions emanates from the branch 252: 

Theorem 1.2. Given £ > 1, there is 771 := 771 (£) 6 (0,1) such that (771, 0,?^) 6 252 is a bifurcation 
point. An unbounded continuum £2 of coexistence solutions (r],u,v) in M. + x (W+\{0}) x (W+\{0}) to 
dl.lU - dl.12t subject to ( 1 1 .3b -( fT~4b emanates from (771, 0, vA. Near the branch 252, the continuum £2 is a 
continuous curve. There is no other bifurcation point on 252 or on 25 1 to positive coexistence solutions. 

The precise value of ?7i(£) is given in d4.U . We can give a more specific characterization of the global 
nature of the the continua £1 and £2: 

Corollary 1.3. The global continua £1 and £2 provided by Theorem \l.l\ and Theorem \1.2\ respectively, 
are unbounded with respect to both the parameter 77 and the u-component in W 9 , or with respect to the 
v-component in W q . If 

6 2 £ Li((0,a m ), (1 - e-^-Ma) (1.13) 
for some s > 0, then they are unbounded with respect to the u-component in W q . 

1.2. Competing Systems. Next we consider the case of two competing species: 

d a u — Adu = — a\u 2 — a-ivu , a e (0, a m ) , xeCl, (1-14) 
d a v — Adv = — P\v 2 — fimv , ae(0, a m ), x e f2 , (1-15) 

subject to the initial conditions 

61(a) 7i(a, x) da , i>(0,x)=£ 62(a) v(a, x) da , 
Jo 

The following theorem characterizes the competition coexistence solutions. 

Theorem 1.4. If £ < 1, then there is no coexistence solution (r),u,v) e M + x (W+\{0}) x (W+\{0}) 
to <l 1 . 1 4b -( l 1 - 1 5b subject to (1 1 .3b - (l 1 .4b . If £ > 1, then there is r/ 2 := 772(C) > 1 such that (772, 0, ug) 6 23 2 
is a bifurcation point. A continuum £3 of positive coexistence solutions in R + x (W+\{0}) x (W+\{0}) 
emanates from (772, 0, vA satisfying the alternative 
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(a) £3 joins 032 with Q5i, or 

(b) £3 is unbounded with respect to the parameter r\, 

and near the bifurcation point (772, 0, W|J, the continuum £3 z'i a continuous curve. There exists some N > 1 
smc/i that alternative (a) occurs for each £ 6 (1, iV). Moreover, if 

fa^ai, /3i ^ a 2 , 61 ^ 62 on (0,a m ) , (1.16) 

f/ien f/ie -q-projection of £3 is contained in the interval (1,£]; in particular, alternative (a) occurs for 
each £ > 1. 

The value of %(£) as well as the value of 773 := 773(C) corresponding to the point (773,1*^3,0) 6 *Bi 
where £3 joins up with 03i if alternative (a) occurs, are determined exactly, see (15.2b and (15.6b . Actually, 
we conjecture N = 00 even if ( 11.161 does not hold, see Remark l531 Observe that jl.161 ) implies a biological 
advantage of the specie with density u due to a higher birth but lower death rate. 

1.3. Predator-Prey-Systems. The case of a predator-prey-system, 

d a u — Adu = — a\u 2 — a-ivu , a e (0, a m ) , x e O , (1-17) 

d a v - A D v = -fiiv 2 + fiiuv , ae(0,a m ), z e , (1.18) 
subject to the initial conditions 

bi(a)u(a, x) da , w(0,x)=£ 62(a) v(a, x) da , x e f2 , 
Jo 

was studied in detail in (29). A quite complete description of the structure of positive solutions was provided 

when £ is regarded as bifurcation parameter and 7/ > is kept fixed ||29l Thm.2.2] or when 77 is regarded 

as bifurcation parameter and £ > 1 is kept fixed [Thm.2.3]. However, for the case £, < 1 being fixed 

with parameter 77, a local bifurcation and thus a merely partial result was obtained in ll29l Thm.2.4]. More 

precisely, provided that £ e (S, 1) for some suitable 6 e [0, 1), it was shown in 11291 Thm.2.4] that there are 

£0 > and a unique point (774, u^, 0) with 774 := 774(C) > 1 on the semi-trivial branch *Bi such that a local 

continuous curve 

£4 := {(r!(e),u(E),v(£)) ; < e < e } c K+ x (W+\{0}) x (W+\{0}) 

of positive coexistence solutions bifurcates to the right from (f]4,u V4 , 0). Actually, this result can be im- 
proved: 

Theorem 1.5. The branch £4 extends to an unbounded continuum in R+ x (W+\{0}) x (WJ\{0}) of 
positive coexistence solutions to dl.17t - fl.18t subject to (ll.3t - dl.4t . // d 1 - 1 3b holds, then £4 is unbounded 
with respect to the parameter r\. 

The proof of this theorem is along the lines of the one of Theorem 1 1.1 1 with only minor modifications 
necessary. We shall thus omit it here. 

The outline of the present paper is as follows: In the next section, Section|2] notations and some prelim- 
inary results are introduced. In Section[3]a detailed proof of Theorem 1 1.1 1 is provided so that the proof of 
Theorem |1.2| in Section|4]is basically a straightforward modification thereof and can thus be kept short. Sec- 
tion|5]is dedicated to the proof of Theorem l 1 .41 Appendix A contains some results regarding the semi-trivial 
branches induced by dl.7t . (11. 8t which are of importance for the proofs in Sections 05] 

2. Notations and Preliminaries 

Throughout we assume that £1 is a bounded and smooth domain in E" . We fix q > n + 2 and set, for 
k > 1/q, 

K,D ■= W£ D (Q) := {u e W q K ; u = 0ondn}, 
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where W* := W£(£l) stands for the usual Sobolev-Slobodeckii spaces (for arbitrary n > 0) and values 
on the boundary are interpreted in the sense of traces. Recall from |5} III. Thm.4. 10.2] and the Sobolev 
embedding theorem that 

W q C([0,a m ],W*- 2/q ) C([0, a^C 1 ^)) (2.1) 
so that the trace 70W := u(0) e W 2 D 2 ^ q *-» C 1 (57) is well-defined for it e W 9 . Moreover, since also 

with L q : = L q {Q), the interpolation inequality in J2] I.Thm.2.1 1.1] yields in fact 

Vf q ^C 1 - 1 ^([0,a m ],W^), O^0<l-l/«. (2.2) 
Note that the interior, ini^W^ 2 ' 9 '" 1- ), of the positive cone 

w qj) /q ' + of W qJ /q is not empty- We set 

h q := L,((0,a m ),L 9 (ft)) and W+ := W+\{0} . 

Put J := [0, a m ]. Given g > and ft e C e (J, C(Q)), we let IL[ h j(a,a), < cr ^ a ^ a m , denote the 
unique parabolic evolution operator corresponding to -A^ + h e C e (</, C(W^ Dl L q fj, that is, 

z(a) = lip,] (a, cr)$ , a e (ct, a m ) , 
defines the unique strong solution to 

d a z — Adz + hz = , a e (cr, a m ) , z(cr) = $ , 

for any given cr e (0, <z m ) and $eL, (see |2] II.Cor.4.4.1]). Note that the evolution operator is positive, 
i.e. 

n [h] (a, cr)$ e L+ , < cr ^ a s£ a m , $eL+. 

As J is a compact interval and -A^ has bounded imaginary powers, it follows from ( 12. II ) and [2] (in 
particular, see I. Cor. 1.3.2, III. Thm.4. 8. 7, III. Thm.4. 10. 10 therein) that the operator — Ad + h has maximal 
Lq-regularity, i.e. the operator 

(d a -A D + h, 7 o) e c(w q , h q x w 2 q ; 2,q ) 

is a toplinear isomorphism. In particular, n^j (■, 0)3> e W g for $ e r> • We set 

&i(a)IIp,](a,0)da , Hp,] := 6 2 (a) lip,] (a, 0) da . 
o Jo 

Then ffp,] and iTp,] belong to IC(W 2 d^\ mat i s > me y define compact linear operators on W 2 D 2 ^ q , and 
they are strongly positive, that is, e.g. 

H [h] <Peint(W 2 - D 2/q - + ), <S> e W 2 - D 2/q - + \{0}. (2.3) 

The corresponding spectral radii r(Hnq) and r(H^) can thus be characterized according to the Krein- 
Rutman theorem |fl] Thm.3.2] (see Lemma |A~31 from the appendix). In particular, the normalizations (11.6I > 
readily imply 

r(H [0] ) =r(H M ) = 1 (2.4) 

since any positive eigenfunction of — Ad is an eigenfunction of ifrju and iJp,] as well. It is worthwhile to 
point out that (12.21 i warrants an equivalent formulation of a solution (u, v) e W g x W ? to ( ll.ll )-( ll.41 i as 

u(a) = H[ aiuTaa „](a,0)ti(0) , aeJ, u(0) = V H [ ai u+a 2 v]u(0) , (2-5) 

v(a) = % I , TM (o,0)«(0) , aeJ, "(0) = £ -H^u+^u] u(0) . (2.6) 
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Observe that u, v are nonzero or nonnegative provided ti(0), v(0) are nonzero or nonnegative. Hence, if 
(u, v) e W+ x W+ solves dT7TT>-(TTT^b. then 

Vr(H [aiu + a2v] ) = l if u(0) e W*- 2/9 ' + \{0} , (2.7) 

^(% 1 -+&«]) = 1 if e <D /9 ' + \{0} , (2.8) 

owing to Lemma |A3l In particular, we have 

r ] r(H [aiUri] )=Zr(H lPlVi] )=l, V ^ > 1 (2.9) 

by (11.7b and (11.8b since u n (0), w^(0) e W^^^ 9 ' + \{0}. We conclude this section with the following auxil- 
iary result: 

Lemma 2.1. Given M > f/zere is c(M) > smc/; f/iaf 

\\u(a)\\ CJ0 + \\v(a)\\ x ^M, aeJ, (2.10) 

implies 

||«||w, < c(M)(r? + 1) , Hlw, ^ c(M)(£ + 1) 
/or a«y solution (u, v) e W+ x W+ to dl.U - dl.4t wz?/z 77, £ > 0. 

Proof. If (it, u) e W+ x W+ solves dl.U -( TT~4l ), we derive from dl.U . ( 12. 10b , and the property of maximal 
L 9 -regularity of —Ad that there is cq(M) > such that 

Hlw, ^ c (ll u (0)llw 2 - 2 /" + II ~ "l^ 2 ± a 2 uv \W q ) c o(^) (||«(0)||w2-2/« + 1) • 

Writing dl.U in the form 

r-a 

u{a) = e aAD u(0) +\ e ( - a - a)AD ( -a 1 u(a) 2 +a 2 u(a)v(a))da , a e J .. 

Jo 

and using ||e aAD \\ r/T H/ 2~2/„, ^ ca 1 / q ~ 1 for a > 0, we obtain from ( 1 1 .3b and ( 12. 10b 



||e aA ^ 





u(0)|| w2 - 2/9 < r, H&xlloc I ||e Q ^ D || £(i9i ^- 2 / 9) ||«(0)|[ is da 



+ »7lMx P fll^^lUfi ^—/.Jllaiu^lU. + laau^MliJdada 
Jo Jo v ,: q - D ' 

<l a(M)r) . 

Consequently, ||u||w < c (M)(r] + 1). Similarly we deduce ||w||w, ^ c (M)(l; + 1). 



□ 

3. Cooperative Systems with £ < 1: Proof of Theorem 1 1.11 

We focus our attention on (ll.llb - dl.l 2b subject to dl.3b - dl.4b when £ < 1. First we show local bifurcation 
of a continuous curve from *Bi by using the results of Crandall-Rabinowitz iflOl . We remark that 

(17 ' * r(#[-<3 2 u„])) e C((l, 00), (1, go)) is strictly increasing , lim r{H { _ hu ^) = 1 (3.1) 
according to Lemma lA3l Theorem lA.4l and (12.4b . so 

u:= 1 e [0,1) (3.2) 

is well-defined. 

Remark 3.1. As ||m^||, x ~~ * 00 for r\ — > 00 by Theorem \A.4\ we conjecture v = in ( 13.2b . 
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For the remainder of this section we fix ^ e (u, 1). The observations above ensure the existence of a 
unique value r)Q := ?7o(0 > 1 for which 

^r(H [ _ 02Ut)o] ) = l. (3.3) 

Note then that 

ker(l - ZH[- hu , i) = span{* } with * e int(W^ D 2/<? ' + ) (3.4) 
by the Rrein-Rutman theorem. With these notations we have: 

Lemma 3.2. There is a local continuous curve £i c: R + x x W+ of coexistence solutions to ( 11.11b - 
d 1 - 1 2b subject to d 1 .3b -( fTT4b bifurcating from (770, it, )0 , 0) 6 *Bi, ami positive coexistence solutions near 
(rjo, u Vo , 0) lie on this curve. 

Proof. The proof is in the spirit of the one of ||29l Prop. 2.7]. We are linearizing (11.11 b - (l 1 . 1 2b around 
(?7o, w ?jo:0) e ®i- For this observe that (r],u, v) = (r],u n +w,v) e M x W q x W 9 solves ( 11.1 lb - (fT7T~2b 
subject to dl.3t - dl.4t if and only if (77, w, v) e K x W g x Wq solves 

5 a w — Adw = —a\w 2 — 2aiu v w + a2v(u r) + w) , w(0) = vjW , (3.5) 

d a v-A D v = -p 1 v 2 +p 2 v(u v +w) 1 v(0) = £V, (3.6) 

where we slightly abuse notation by writing 

W : = 61(a) 10(a) da , 62(a) «(a) da 

Jo Jo 

when u),v e W g . We shall use this notation also for other capital letters since it will always be clear 

from the context, which of the profiles 61 or 62 is meant. Using maximal L q -regularity of — Ad, we may 

introduce the operator 

T := (d a - Aonoy 1 e £(L 9 x W^ D 2/q , W„) 
so that the solutions to (l3.5b -( T3~6b are the zeros of the function 

_ fw-T( - a x w 2 - 2a lUv w + a 2 v(u n + w) , rjW)\ 
b {7h w ' u >-{ v-T(- fW + P2v(u n +w),£V) J ■ 

Observe that 

FeC 2 ((l,oo) x W 9 xW„W, x W„) 
with partial Frechet derivatives at (77, w, v) = (77, 0, 0) given by 

4> — T(—2aiu v (j) + a 2 u v ip , rj<&)\ 
^-T(0 2 u^,^) J 

and 

t? 1 nma n f-T{-2aM + a 2 u'J) , $)\ 
^W?7,0,0)(^)= _ T( ^ ;0 ) ) 

for (</>, -0) e W q x Wq, where := j-u-q is we U defined according to Theorem |A.4| We next show that 
the kernel of F^ w v ^(rjQ,0, 0) is one-dimensional. Given (0, ip) e kei(F^ w ^ (rjo, 0,0)) we have 

d a (j) - A D (f> = -2aiu m 4> + a 2 u V0 i) , 4>(0) = r] $ , (3.7) 

c'aV' — = p 2 u no ip , V(0)=e*- (3.8) 

From ( 13.8b and ( 13.4-b we conclude that tp = flip* for some /ieR with 

V>* :=n HlU , o] (.,Q)fo6W,. 
Plugging this into ( 13.7b and observing that 1 — T]qH[ 2o , iU j is invertible since 

%r , (i?[ 2ceitl , )0 ]) < 7?or(ir[ Q11Ji)o ]) = 1 



^W?7,O,O)(0» 
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by d2.9K Lemma |A~3l and the positivity of u Vo , we derive <p = flip*, where 

0* := n pQtltt „ o ] (•, 0)$ + %eW,, a £ J , 

with a 

(Sip*) (a) := a 2 n [2QlU ](a,<r) (u„ o (cr)V>*(0-)) do- , seJ, 
Jo 

$o := %(1 -^o-ffp^u™]) fei(a)(5V'*)(a)do . 

Jo 

Therefore, 

k er(F ( „ : . u) (?7o,0,0)) = span{ (<?!>*, V*)} ■ 
As J3] Thm.1.1] and Sobolev's embedding theorem ensure the compact embedding W q > L rj0 (J, C(Q)) 
since g > n + 2, we have 

Wq x W q — > L 9 , (w, u) i — > is compact . (3.9) 

In particular, it readily follows that the derivative of F has the form Ff wv ^ (770 , 0, 0) = 1 — T with a compact 
operator T. From this we get that also the codimension of rg(F^ w >v \ (r/o, 0, 0)) equals one. We next check 
the trans vers ality condition of [ 10]. For, suppose that 

F v ,(w, v )(r]o,Q,0)(<P*,'ip*) e rg(F (W) „)(?yo,0,0)) . 
Then there exists v e W q with 

v - T(/3 2 u Vo v^V) = -T(p 2 u' m i>* , 0) . 

Choosing r > such that r^o — v(0) e mt(W q 2 ~^^ q ' + ) and putting p := rip* — v, we obtain from the 
definition of ip* 

pa 

p(a) = II hft!tt j (a, 0)p(0) + IL^ 02U } (a, a) ((3 2 u' m (cr)V>* (a)) da , a e J . 

Jo 

Thus, since p(0) = £P, 

(l-C-ff[-/3 2 u, ])p(°) = C M a ) n f _^ 2 ](a,cr) (^ 2 ^ (a)V'*(o-))d(Tda. 

Jo Jo 

However, as the right hand side belongs to ^ q ,+ \{0} due to ( 11.51 ), Theorem lA.41 and the strong pos- 
itivity of the evolution operator II[_^g 3tttj ](a, a) on Vt / ^ I? 2/ ' 9 for ^ a < a ^ a m , this last equation 
admits no positive solution p(0) according to [ 1 1 Thm.3.2] and (13.3b which clearly contradicts the fact that 
p{0) = t^o - u(0) belongs to int(W^ 2/9 ' + ). Consequently, 

^ , T ?) («.,t))C»7O)QiO)(0*)V'*) I 'g(^(«;, 1 ;)( ) 70,0,0)) . 

We are thus in a position to apply [10] Thm.1.7] and deduce the existence of some £0 > and functions 
r] e C((— £o,£o),M) and 0j e C((— £0, £0), W g ) with 77 (0) = 770, 8j(0) = such that the nontrivial zeros 
of the function F close to (770, 0, 0) lie on the curve 

{(77(e), e(0*>*) +s(6 1 (s),e 2 (s))) ; |e| < e } . 

By TheoremlA4l 

£1 := {(77(e), u n ( e ) + e<p* + e9 1 (e),etp* + e9 2 (e)) ; < e < e } 

is then a continuous curve of solutions to dl.llt - dl.12t . dl.3t - dl.4t bifurcating from (770, u na , 0) e SBi . As 

all traces u Vo (0), 4>»(0) = $0, and -0*(°) = *o belong to vat(W^~^ q,+ ), it follows from d2~TT ) and the 

continuity of 9j that the initial values u(0) and v(0) for a solution (77, u, v) e £1 belong to mt(W^ ^ q ' + ) 
provided £0 > is sufficiently small, whence 

(«,D)eW 9 + xW+, (77, u, u) e £1 , 
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by d2.5l >, d2.6t , and positivity of the corresponding evolution operators. This completes the proof of the 
lemma. □ 

Next we show that €i extends to a global continuum of positive coexistence solutions by invoking Ra- 
binowitz' global alternative [23 1 along with the unilateral global results of Lopez-Gomez [20]. The main 
steps of the proof are the same as in the proof of ]29l Thm.2.2], but we have to argue here more subtle 
at several points since we are deriving bifurcation with respect to the parameter rj by linearizing around a 
point (77, u n ,0) e Si . 



Setting u n : = for r\ ^ 1 it follows from Theorem I A.4I that 

(V^u v ) eC(l,W+), (3.10) 

Hence, defining 

Zibl] ■= (da -A D + 2ai^, 70 )- 1 e £(Lq x W 2 q J'\W q ) , 
Z 2 [v] ■■= (da - A D - fau^yoT 1 e C(h q x W 2 q J /q , W,) , 
based on maximal Lq-regularity (see Section|2]i, we deduce 

(»7 -» Zifo]) eC(R,C(h q x^ 2 - 2/ «,W,)) , j = l,2. (3.11) 

Writing again (77, u, v) = (77, u v + w, v) e K x W q x W q and recalling d3.5t and J3.6K it follows that 
( 11.1 H - dTTT2b subject to dl.3t - dl.4t may be recast equivalently as 

(w, v) - K{rj){w, v) + R(t], w, v) = (3.12) 

by setting 

K (n)(w v) - f Z i[v](^2Ur,v,r]W)\ , , ._ _ fZ^-^w 2 + a 2 wv, 0)\ 

•- ^ z 2 M(0,^) J' "WW).- [z 2[rj]i _p lV 2 + p 2WV , 0) ) 

for t?) e Wg x W g still using the notation 

bx(a)w(a)da , V := b 2 (a)v(a)da. (3.13) 
Jo 

This notation we shall use throughout the remainder of this section as no confusion seems likely. Then 
d3~9i l, d3~T0b . dTTTt . and the compact embedding W 2 W 2 ~^ lq entail 

K{j]) e JC(W q x Wq) depends continuously on 77 e E , (3.14) 

and 

R e C(R x Wq x Wq, Wq x Wq) is compact (3.15) 

with 

R(ri,w,v) = o(]|(u;,u)]|w 9 xwJ as |[(to, u)|[w e xW 9 -»• , (3.16) 
uniformly with respect to 77 in compact intervals. Moreover, we have: 

Lemma 3.3. Let r\ e K. If \i ^ \ is an eigenvalue of the compact operator K(rj) with eigenvector 
(w,v) e Wq x Wq, f/ie« either 77 > 1 and /i/^ is an eigenvalue of H[-i3 2 u v ] with eigenvector v(0) e ^ q 
or = 77 = 1. 

Proo/ Let fi ^ 1 and (u;,u) e (Wq x W 9 )\{(0, 0)} with K(r/)(w,v) = (J.(w,v). On the one hand, if 
u = 0, then 

77 

d a w — Arjw + 2a\u rj w = , w(0) = —W , 

M 

from which 

w(a) =U [2aiUv] (a,0)w(0) , aeJ, w(0) = -H [2aiUv] w{0) . 



10 



CH. WALKER 



In particular, 77 =(= and w(0) =|= since otherwise (w, v) = (0, 0), and hence 

\i s£ r?r(ii[2aiu„]) ■ (3- 17 ) 
Next, 77 > 1 is impossible since otherwise w r) e W+ and so 

-r(H [2aiUri] ) < r]r(H [aiUv] ) = 1 

by Lemma lA3l and (12. 9b contradicting ( 13.17b . Hence 7/^1 and thus 

-r{H[2 ai u n ]) = -r(n [0] ) = - < 1 

M MM 

by d2.41 > what is only possible if /x = 77 = 1 according to (13.17b . On the other hand, if v =(= 0, then from 

5 Q w — A d tj — (3 2 u v v = , u(0) = —V 

it follows 

v(a) = U^^Ja^MO) , a e J , v(0) = f H^^O) , 

and so t>(0) =|= and £ =|= since otherwise 77 = 0. Consequently, is an eigenvalue of iJ[_^ 2Urj ] with 
eigenvector v(0). Assuming ij ^ 1 we have u v = and thus =£= r (-£i[o]) = 1 by d2.4b contradicting 
< £ < 1 and m ^ 1- □ 

As a consequence of Lemma l3.3l the set of singular values of the family K(rf) is discrete: 

Corollary 3.4. The set E := {77 e R; dim(ker(l — K (77))) ^ 1} /s discrete. 

Proof. Lemma [3~3l ensures 

E n (1, oo) c H := {77 > 1; dim(ker(l - ^[-/3 2 «„])) ^ 1} • 

Due to 

it follows from the analyticity of the inversion map for linear operators and the analyticity of the map 
77 1 — > 7/7^ stated in Theorem |A4] that also the map (1, 00) — * IC(W^ ^ q ), r\ >-» ^i^-ftM,,] is real analytic. 
Thus, since 1 — £,H[-p^ Un ] is invertible for 77 e (1, 770) owing to ( 13. Il l and ( 13.3b , we are in a position to 
apply 1 20 Thm.4.4.4] and conclude that 5 is discrete. If 77 e E with 77 < 1, then necessarily 77 = 1 by 
Lemma[3~3l □ 



Next, we characterize the dependence on the parameter 7/ of the fixed point index lnd(0, K(r))) of zero 
with respect to K (77). Recall that lnd(0, K{j])) = (— where £(77) is the sum of the algebraic multi- 
plicities of all real eigenvalues of if (77) greater than one, see e.g. ll20l Sect.5.6]. 

Lemma 3.5. The fixed point index lnd(0, K(rj)) of zero with respect to K(r/) changes sign as 77 crosses r/o- 

Proof. First, let 1 < 77 < 7/0 and suppose there is an eigenvalue \i > 1 of K(r]). Let (w, v) e W q x W q be 
a corresponding eigenvector. Then Lemma 1331 yields 

/i<CK^ 2 «,])- (3-18) 
Since 77 < 770 we have 7_t^ ^ u Vn owing to Theorem IA.4I But then, by Lemma IA.3I ( 13.18b , and the 
assumption \i > 1, 

1 <Zr(H { ^ 2Uv] ) <€r(^[-ft« w ]) 
in contradiction to the definition of 770 in ( 13.3b . Thus there is no eigenvalue fi > 1 of if (77) if 1 < 77 < 770, 
consequently 

Ind(0,K(77)) =1, 1<77< 77 . 
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Next, it follows from [2, II.Lem.5.1.4] and Theorem |A.4| that the evolution operator ri[_ ( g 2tlj; ] (•, 0) depends 
continuously on ?/ (actually: analytically, cf. the proof of Corollarv l3.4l ) and hence 



According to El IV. §3.5], 

M^Hfaw,]) — " A 2 < r{£H[^ Urio] ) = 1 as r\ — > 770 , 

with MiH) denoting the second eigenvalue of a compact operator H. Choose e > with 

A 2 (^[- fc u„]) < 1 -£ , Vo < V < Vo +£ ■ (3.19) 

Let j]o ^ rj < rjo + e and let n ^ 1 be an eigenvalue of K(rj). Then fi ^ 1 is an eigenvalue of £,H^_/j 2U ^ 
due to Lemma [331 and thus /j = r(£H[_p 2Uv ]) =: fi* since /j,* is the only eigenvalue in (1 — e, 00) by 
( 13 . 19b . But /z* is a simple eigenvalue of K(rf). Indeed, noticing that 

K(T])((f>,if>) = 

is equivalent to 

ol 2 V 
d a <j> - A D cj) = -2am n ^ + — u v if) , (f)(0) = — $ , 

d a if> - A D i> = p 2 u n ip , i/j(0) = , 



it follows as in the proof of Lemma l33l (see (13.71 and (13.8b ) that 

ker(K(ri) -/x*) = span{ V*)} , 

where 

^ ■= z 2 [ v ](o, *i) = n^^jC-, o) 6 

with *i e int(W g 2 ^ 2/9 ' + ) spanning ker(y,* - ^[-/3 2 u„]) and 



$1 := -5.(1 - ^-H [2aiUv] ) 1 6i(o)(5^)(a)da e < D 2/9 ' + 



6i(a)(S , V'*)(a)' 



0* :=n [2£tl „, ] (-,0)$i+S^ = Z 1 [r,](5^,$ 1 )eW+. 
Invertibility of 1 — j^H[ 2ai u v ] is due to /i* ^ 1, d2.9l ), and Lemma !a31 It then merely remains to prove 
that /i* is simple. For, let (4>*,ip*) e i s(^( r l) — A**)- Then 

^2[??](0,^) - = V* 

for some v e W g , that is, 

d a v - A D v - f3 2 u v v = — — (daip* - Ad!/;, - P 2 u v if)*) = , u(0) = — V — *i . 

This readily implies 

(l--^H [ _ P2Uv] ) v (0) = -^ 1 

so that 

contradicting the fact that the intersection equals {0} since = ^-u,,]) * s a simple eigenvalue of 

H[~{hu v ]' Thus ((f>%, $rg(K(£) — //*) and /1* is indeed a simple eigenvalue of K(rj). This ensures 

lnd(0, #(77)) = -1 , 770 < 77 < 770 + e , 
and the assertion follows. □ 
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Recalling the definition of m d3.4t and taking 77 = 770 (and so /i* = 1), the proof of Lemma [331 
reveals: 

Corollary 3.6. (i* = 1 is a simple eigenvalue of K(t)q). Thus 

W,xW,= ker(l - K(r] )) ©rg(l - if (%)) , ker(l - K( m )) = span{ V*)} 

with ^ = Z 2 [ m ](0, * ) e W+ * = e mt(W^ 2/ ^ + ), and 0* e W+ 

Corollary 13. 41 and Lemma [331 warrant that we may apply Rabinowitz' global alternative [20, Cor.6.3.2] 
to (13.121 ), Hence, we obtain a continuum €[ of solutions (77, u, v) in R x W g x W g to d 1 . 1 1 b -( fTTT2b subject 
to ( 1 1 . 3b - (TT~4l > emanating from (770, u Va , 0) e 03 1. In combination with the unilateral global bifurcation result 
ll20l Thm.6.4.3] and Corollary 13. 6l we derive that <£.[ satisfies the alternatives 
(i) £[ is unbounded inlxW,x W q , or 

(ii) there is 77 e £\{t7o} with (Vj M rj, 0) e £[, or 

(iii) there is (77, u, ; + w, u) e <£.[ with (w, tj) e rg(l - if (?7o))\{(0, 0)}. 

By Lemma [3~2l €[ close to (770, u V(n 0) coincides with £1 c R + x W+ x W+ suggesting to abuse notation 
by putting 

£1 := <t[ n (R+ x W+ x W+) 4= . 

In fact, we have: 

Lemma 3.7. £1 is unbounded in R + x W+ x W+. 

Proof. Suppose €[ leaves R + x W+ x W+ at some point (77, u, v) e €[ different from (770, u no , 0) and let 
(rjj , Uj ,Vj) 6 £1 such that 

(r)j,Uj,Vj) — > (77, u, v) in R x W q x W g . 

Since obviously 77 ^ 0, u ^ 0, and v ^ 0, the only possibility is that u = or v = 0. However, as the only 
solutions in R + x W+ x W+ close to 2$o lie on <8i, the case (u, v) = (0, 0) is impossible since Vj =(= 0. If 
u = but v =\= 0, then (77, u, u) = (77, 0, v) e £' : and v e W+ solves 

5 q tj - A737; = -Atj 2 , «(0) = 

with £ < 1 contradicting Theorem lA.4l Consequently, v = but tj =|= 0, thus u e W+ solves 

d a u — Adu = —aiu 2 , u(0) = rjU , 

whence 77 > 1 and u = u v by Theorem lA.4l Therefore, (77, u, v) = (rj, u v ,0) e <£[ and we may assume that 
rjj > 1. To demonstrate that this also leads to a contradiction, we adapt an argument of [5 Thm.3.1]. Put 
Zj := (wj,Vj), where Wj := Uj — u Vj , and note that Zj — * (0, 0) as j — > 00 by the previous observation. 
Moreover, since uj ,Vj ^0 and rjj > 1, we obtain from 

d a Uj — AnUj = —ct\Uj + a-iVjUj ^ —a\u 2 , Uj(Q) = rjjUj , 

that Uj ^ u r)j by invoking Lemma |A~3l whence Zj e W+ x . We then define 

Q:RxW^W2, Q((,z):=K(C)z-R((,z) 

and observe that Q is differentiable with respect to z e W 2 , Q(C, 0) = for C e R, and Q(r]j, Zj) = Zj. 
The mean value theorem ensures 

z j - Qz{ri,Q)zj = [Qz{rij,szj)zj - Q z (rj,0)z J ] ds 
Jo 

and hence, setting ttl, := Zj/||zj|| W 2 e W+ x W+ and taking Q z (i], 0) = ^(77) into account, 

rrij — K(rj)mj = [Qz(Vji sz j) m j ~ Qz(v> 0) TO j] ds — > as j — > 00 
Jo 
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by the boundedness of (m,j)j e ^, (rjj,Zj) — * (77, 0), and Lebesgue's theorem. As K (77) is compact, this 
readily implies the existence of m e W+ x W+ with ||m||w 2 = 1 and m = K(rj)m. Owing to Lemma 1331 

we conclude that l/£ is an eigenvalue of H[„@ 2U i with positive eigenvector. Hence 1 = £r(Hr^p aU ]) 
due to the Krein-Rutman theorem (see Lemma lAZt yielding 77 = 770 what is impossible since (77, u, v) then 
coincides with (770 , u Vo , 0) . Therefore, £1 = <Z[ does not leave M. + x W+ x W+ except at (770 , u na , 0) . 

As a consequence of the preceding observation, alternative (ii) above can be ruled out. Suppose then that 
alternative (iii) above occurs, i.e. let (77, u v + w, v) e £' x be such that 

(0,0) *(«;,«) = (!- K (%))(/, 9) 
for some (/, g) e W 9 x W q . To derive a contradiction we argue similarly as in the proof of Lemma [3~2l As 

v e W+, we have v(0) = £V e W^ 2/9 ' + \{0}. Recall ^*(0) = * e mt(W 2 ~J /q ' + ) from CorollaryES] 
so that we may choose r > with 

«?(0) - v(0) + r* e int(t^, 2/,, + ) . 

Note that 

« = 9 - Z 2 [7 ?0 ](0, £G) , V* = 2aM(0, , P ■= 9 ~ v + -nl>. = Z 2 [ m ] (0, £(G + r*.)) ■ 
The last equality reads 

d aP - A DP - (i 2 u vo p = , p(0) = £(G + r**) = £P + , 
from which we deduce that 

(1 - ^ 2Um] ) P (0) = £V e W 2 J^ + \{0) 

with p(0) e int(Wf ^ 2 ) by the choice of r. However, this equation has no positive solution owing to 0] 
Thm.3.2] and the definition of £ in ( 13.3b - This shows that alternative (iii) above is impossible as well and 
the only remaining possibility is that £1 = is unbounded in R + x W+ x W+. □ 

We remark that the bifurcation point (770 , u Vo , 0) is unique: 

Corollary 3.8. There is no other bifurcation point on 03 1 to positive coexistence solutions than (770 , , 0). 

Proof. Suppose (77, u n , 0) e Q3i is a bifurcation point to positive coexistence solutions. Approximating this 
point by positive solutions we derive as in the proof of Lemma l3.7l that 1 is an eigenvalue of K{rf) with an 
eigenvector in W+ x W+ so that, according to Lemma [3~3l l/£ is an eigenvalue of -ff[_,3 2U?J ] with positive 
eigenvector. As above, this implies 1 = £r(Hrp 2U i) due to the Krein-Rutman theorem (see Lemma |A2| >. 
whence 77 = 770. □ 

This completes the proof of Theorem l 1.11 It remains to give a more precise characterization of the global 
nature of £1 as stated in Corollary 1 1.3 1 

Corollary 3.9. The continuum £1 is unbounded with respect to both the parameter r\ and the u-component 
in W q , or with respect to the v-component in Wq. If ( I1.131 l holds for some s > 0, then £1 is unbounded 
with respect to the u-component in Wq. 

Proof, (i) We have u ^ u n for any (77, u, v) e £1 with rj > 1 by the comparison principle of Lemma IaTI 
since 

d a u — Adu = — a\u 2 + a 2 vu ^ — a\u 2 , u(0) = rjU . 

Since ||u^(0)|[ao —* 00 as V —* 00 according to Theorem l A. 41 we conclude that £1 is unbounded with respect 
to 7; only if it is unbounded with respect to the u-component in W q . 

(ii) Next suppose ( 11.131 ) and that there is M > s/(3 2 such that ||it(a)|| lX ^ M, a e J, for all (77, u, v) e £1. 
Noticing 

d a v - A D v = -/3xv 2 + /3 2 uv ^ -/3xv 2 + /3 2 Mv , ae(0,a m ), xett, 
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it follows from the parabolic maximum principle [ 14 Thm.13.5] that v(a) ^ /(a) on fl for a e J, where 

f(a) :=m\\v(0)U (A ||«(0)|| x (l - e " ma ) + me"")" 1 , a e J , 
with m := P2M > s satisfies 

/'(a) = -/3i/ 2 (a) + m/(a) , a e J , /(0) = H0)||«, . 
Thus d) and ( fTT3l) imply 

W (0)=^^H 6 2 (a)/(a)da ^ 62(a) (1 - e^ )" 1 da < 00 on ft , 
Jo Pi Jo 

and so, owing to the definition of /, there is some c > such that ||w(a)|| lX ^ c, a e J for all (77, it, v) e £1. 
Hence, £1 is bounded with respect to the w-component by Lemma [2TTI contradicting our findings in (i). 
Consequently, if ( 11.13b holds, then £1 is unbounded with respect to the u-component in W g . □ 



4. Cooperative Systems with £ > 1: Proof of Theorem I1.2I 

We still focus our attention on j 1 . 1 lb - d 1 . 12b subject to ( 11.3b -( [l~4T i. but let now £ > 1 be arbitrarily fixed 
for the remainder of this section and put 

m ■■= m(0 ■■= -777^ \ ■ (4-D 

n^[-a 2 „ 5 ]J 

Then 771 e (0, 1) according to (12.4b and Lemma lA3l The Krein-Rutman theorem ensures 

heT(l-r ll H [ _ a3V(] ) =span{$ } with $° e int(^ 2 - 2/ ^ + ) . (4.2) 

We first prove local bifurcation of a continuous curve from (771(C), 0, v^) e by invoking the theorem 
of Crandall-Rabinowitz [10]. The present situation, however, turns out to be simpler than in the previous 
section. 

Lemma 4.1. A local continuous curve £2 of positive coexistence solutions to ( 11.1 lb -( fl. 12b subject to ( 11.3b - 
( 11.4b bifurcates from (?7i(£), 0, v^) 6 and all positive coexistence solutions near (t?i(£), 0, i^) lie on 
this curve. 



Proof. We proceed similar to the proof of Lemma l3.2l Writing solutions to d 1 - 1 1 b -( fTTT~2l > subject to dl.3b - 
(11.4b in the form (?/, u, v) = (77, u, + w) e R x W g x W g , we have 

d a u — Adu = —aiu 2 + a2ii(v£ + w) , u(0) = rjU , (4.3) 

d a w - A D w = -/3 lW 2 - +/3 2 u(w 5 +w) , w(0) = £W , (4.4) 

where we agree upon the notation (and similarly for other capital letters) 



U 



bi(a)u(a) da , W := b2(a)w(a)da 
Jo Jo 



Thus we are lead to examine the zeros of the function G e C 2 ((l, 00) x W q x W g , W g x W g ) given by 



G(r],u,w) 



u — T{—a\U + a2u(v{: + w) , rjU) 



K w - T(-f3 lW 2 - 2PiV£W + /3 2 u(v i + w) , £W) j 
with T as in the proof of Lemma [3~2l For the partial Frechet derivatives at (77, u, w) = (77, 0, 0) we compute 

and 

G IJ ,(„,„)(T7,O,O)(0 > V) = (^o'^) 
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for (4>, ip) e W g x W q . Arguments similar to the ones in the proof of Lemma |3.2| vield 

leer (G( UiUI ) (171, 0,0)) = span{(^*,V*)} , 
where (see d4.2t and Lemma |A~3l 

^:=n hn! „ £l (-,0)$°eW}, (4.5) 

and 

■= n pA „-](•, 0)* + S0 + eW„ *° := e(l - e^p^ t ]) _1 f m 6a(a)(5^)(a) da , 

Jo 

with 

(S0*)(a) := /9 2 n [2 ^ 1 ^](a,cr) (w 5 (cr)0 + (cr)) da , aeJ. 
Jo 

Observing that the derivative of G has the form G {u,w) (vi> 0, 0) = 1 — T with a compact operator T (see 
d3.9t ), we get that also the codimension of rg(G(„ , u ,)(?7i, 0, 0)) equals one. Next assume that 



and let u e W q be with 



G , ^,( tl , u ,)(?7i,0,0)((?!) + ,V'*) e rg(G (llit(; )(j7i,0,0)) 
u - T(a 2 w 5 M, m U) = -T(0, *,) . 



Then 

d a u — Adu = ot2V(U , a e J , u(0) = 771 J7 — <I>* . 

This readily implies 

= -(1 -?/ifl"[-a 2 ^])u(0) 6 rg(l-J7lif[_ O204 ]) 

in contradiction to 

$* = e ker(l - 77iff[_ Q2t , d ) 

by ( 14.2b and (14.5b since Tjir(Hr_ a2V( ]) = 1 is a simple eigenvalue of the compact operator rjiHr_ a2Vt i. 
Consequently, 

G^,( u , Ji ,)(?7i,0,0)((/) + ,V'*) $ rg(G (UiW )(?7i,0,0)), 
and we may again apply iflOl Thm.1.7]. Thus, the nontrivial zeros of the function G lie on the curve 

{ (77(e), e(&,, V*) + e(6 1 (e),9 2 (e))) ; |e| < e } , 

for some e > and functions 77 e C((-e , e ),R) and 9j e C((-£ ,£o), W g ) with 77(0) = 771, 0^(0) = 0. 
Thus, 

£2 := {(77(e), £0* +s0i(e),«£ + eV* + £0a(e)) ; < e < e } 
defines a continuous curve of solutions to d 1 - 1 lb -( fTTT~2l >. dl.3t - dl.4t bifurcating from (771, 0, uj) e <B 2 . As 
<M0) = $° e mt(W^J /q ' + ) and u e (0) e int(Wg i£) 2/9 ' + ), it follows from (El and dHJ that 

(u,«)eW+xW+, (77,u,7j)ee: 2 , 
provided eo > is sufficiently small. This completes the proof of the lemma. □ 



To prove the assertion on global bifurcation of Theorem 11.21 we invoke Rabinowitz' global alterna- 
tive ll23l and the unilateral global theorem [20| as in the proof of Theorem l 1.11 Again, the present situation 
is considerably simpler than in the proof of Theorem ll.il 

Lemma 4.2. The local curve £ 2 extends to an unbounded continuum of coexistence solutions (77, u, v) in 
R+xW+x W+ to dU-dnSJ subject to (Oil- (Oil. 
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Proof. Introducing the operators 

Z x := (da -A D - a^.To)- 1 e C(h q x W^ D 2/q , W q ) , 
Z 2 := (d a -A D + 2/3 1 ^, 7o )- 1 e £(JL g x W*J /q ,W q ) , 
we may rewrite (14 .3b - (l4~4-b equivalently as 

(u, w) —K(t]) (it, w) +R(u,w) = (4.6) 

by setting 

k(n)(u w)-= (- Z^n U ) \ R(u w )- = -( Mam 2 + a 2 uw,Q)\ 

for (u, w) e Wq x W 9 . It is now easy to check on the basis of the previous section that the analogues of 
( 13.14b . ( 13.151 ). d3.16l l. and accordingly Lemma l3~3l Corollary l3~4l Lemma l3~5l and Corollary l3~6l hold for K 
and R when replacing r/o by 771 . Consequently, we may apply the results ll20l Cor.6.3.2,Lem.6.4.1,Thm.6.4.3] 
on unilateral global bifurcation to (14.61 l and thus derive the existence of a continuum £ 2 of solutions (77, u, v) 
to dl.llt - dl.12t subject to dl.3t -( fl~4] > in R x W g x W g emanating from (771, 0, v^) and satisfying the alter- 
natives 

(i) £' 2 is unbounded inExW,x W 9 , or 

(ii) £ 2 contains a point (77, 0, v$) with 77 e {( e R; dim(ker(l — K(())) =3= 1} and 77 =(= or 
(hi) £2 contains a point (77, it, i>£ + w) with (it, to) 6 rg(l — K (771)) with (u, w) =|= (0, 0). 
By Lemma FTTl £ 2 coincides with £2 near (771, 0, v^ ) suggesting to abuse notation by putting 

£2 := £' 2 n ( R+ x W+ x W+) 4= . 

We then claim that this so defined continuum £2 is unbounded in R + x W+ x W+. Indeed, suppose £ 2 
leaves R + x W+ x W+ at some point (i],u,v) e £ 2 different from (771 , 0, ) and let (77^ , Uj ,Vj) e £2 such 
that 

(rjjjUjjVj) — > (77, it, u) in R x W q x W g . 
Clearly, u = or v = 0. Observing that 

d a Vj - A D Vj = -/3iVj + P 2 u v ^ -PiVj , Vj(0) = £Vj , 

whence Vj ^ by Lemma |A. 11 we deduce v ^ and so it = since (77, u, v) e £' 2 \£ 2 - Therefore, 
(?7, u, v) = (77, 0, iij) by the uniqueness statement of Theorem lA.4l A similar, but simpler argument as in 
Lemma [3~7l (see also ll20l Lem.6.5.3] or ll29l Lem.4.5]) then implies that 1/77 is an eigenvalue of H[_ a2V ^ 
with a positive eigenvector, that is, r\ = 771 by Lemma lA~3l and ( 14.lt yielding the contradiction that (77, u, v) 
coincides with (771, 0, v^). Consequently, £2 = £2 does not leave R + x W+ x W+ except at (771, 0, v^), 
and we conclude that alternative (ii) above is impossible. An argument similar to the proof of Lemma [3~7l 
shows that alternative (iii) can also be ruled out. Therefore, the only remaining possibility is that £ 2 = £2 
is unbounded in R+ x W+ x W+. □ 

It remains to prove that there is no other bifurcation point on the semi-trivial branches. 

Corollary 4.3. There is no other bifurcation point on 2$2 or *8i to positive coexistence solutions than 
(77 1 ,0,^)eQ3 2 . 

Proof. If (77, 0, v^) £ ( 3 2 is a bifurcation point to positive coexistence solutions, then 1 = 777- (H [_ Q2 „ £ ] ) as 
in the proof of Corollarv l3.8l and Lemma [3~7l bv using (14.6b . whence 77 = 771. 

Suppose that there is a bifurcation point (r),u v ,0) on 03 1 to positive coexistence solutions. Then we 
deduce 1 = £r(Hr_p 2U 1) as in the proof of Corollary [33] and Lemma 13771 However, this is not possible 
since £ > 1 and 1 = r(H^ ) < r(H^_^ 2U ■]) by ( 12.4b and Lemma |A31 □ 
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This completes the proof of Theorem [L2j The proof of the following characterization of £2 is the same 
as for Corollary 13. 91 

Corollary 4.4. The continuum €2 is unbounded with respect to both the parameter r\ and the u-component 
in Wq, or with respect to the v-component in Wq. If d 1 ■ 1 31 > holds for some s > 0, then £2 is unbounded 
with respect to the u-component in W q . 

5. Competing Systems: Proof of Theorem I1.4I 

We next consider ( 1 1 . 14-b -( fTTT3T > subject to dl.3t -( fT~4l ). The simplest case is £ ^ 1 when no coexistence 
solutions exist: 

Lemma 5.1. If £ ^ 1, then there is no solution (77, u, v) in R+ x W+ x W+ to dl.14t - dl.15t subject to 

(fO-iful). 

Proof. Let (77, u, v) e K+ x W+ x W+ solve dl.14t - dl.15t subject to (fOll-dTll). Since u > 0, we have 

d a v - A D v < -f3 lV 2 on J x fi , v(0) = Sy , (5.1) 
and thus z'(a) ^ — Aiz(a) for a e J, where 

z(a) := </?iv(a) da; , aeJ, 
Jo 

and </?i is a positive eigenfunction for the principal eigenvalue Ai > of —Ad- Therefore, 

62(a) (^iw(a)dada; ^ £ 6 2 (a)e" Aia da z(Q) . 
Jn Jo 

Actually, this inequality is strict and z(0) > due to v e W+ and d5.lt . So £ > 1 by (II. 6t . □ 

In the sequel, let £ > 1 be arbitrarily fixed. The remainder of the proof of Theorem 1 1.41 is then very 
similar to the one of Theorem ll.2l and we give merely a brief sketch of the proof mainly pointing out the 
differences. Due to (II. 6t and Lemma lA~3l we have 

m ■■= V2(0 ■■= -77^ — s e (l, 00) . (5.2) 

r(H [a2Vi] ) 

We linearize around (772, 0, v^) e S2 by writing solutions to dl.14t - dl.15t subject to ( 1 1 .3b -( fl~4b in the form 

(77, u, v) = (77, u, 7j£ — jyj ) e K x W q x W 9 with 

(«,«;) -it (77) («,«;) + -R(u,w) = . (5.3) 

Hereby, 

Wl ' j ' U^f,^ ' ^(/W-Z^O) 
for (u, to) e Wq x W 9 with 

Zi := (d a -A D + azv^oT 1 e x W^ /q ,W q ) , 

Z 2 := (5„ - A D + 2/3 1 t; 4 ,7o)- 1 e £(JLq x W^ 279 , Wq) . 

Exactly as in the previous sections we deduce with the aid of [ 10 , 20 1: there is a continuum £ 3 of solutions 
(77, 77, tj) to dl.14t - dl.15t subject to (flT3T>-(fl~4b in 1 x W, x W, emanating from (772,0,7^) e *8 2 and 
satisfying the alternatives 

(i) £ 3 is unbounded in R x Wq x Wq, or 

(ii) there is 77 £ {( e E; dim(ker(l - K(())) 3= 1} with 77 =|= 772 and (77, 0, Ug) e C 3 , or 

(iii) there is (77, u, — w) e £ 3 with (u, w) e rg(l — K(t72))\{(0, 0)}. 
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Close to (772, 0, ug), the continuum £3 is a continuous curve in R + x W+ x W+. We define 

£ 3 :=£ 3 n(R + x W+ x W+) 4= , 
and note that 77 > 1 for (rj, u, v) e £3 by reproducing the proof of Lemma lBTT] 

Lemma 5.2. The continuum £3 is either unbounded in R + x W+ x W+ or joins S2 with Q3i. 

Proof. Assume that £3 = £ 3 , that is, £ 3 <z R+ x W+ x W+. Then alternative (ii) above is impossible while 
alternative (iii) can be ruled out with the same argument as in the proof of Lemma 13771 Thus, if £3 = £ 3 , 
then it is unbounded in R + x W+ x W+. Suppose that £3 is a proper subset of £ 3 . Let ((to, itj, Vj))j £ f$ be a 
sequence in £3 converging toward (rj, u, v) e £ 3 \£3 with (77, u, v) =|= (772, 0, v^), so u = or v = 0. As the 
only solutions close to *8o lie on the curve QSi, the case (u, v) = (0, 0) is impossible. If u = but v =|= 0, 
then (r],u,v) = (77, 0,v) and so, since £ > 1, v = v% by Theorem I A. 41 A similar, but simpler argument 
as in Lemma [3~7l (see also EUl Lem.6.5.3] or |29l Lem.4.5]) then implies that rj = 772. This yields the 
contradiction (77, u, v) = (772, 0, v^). Therefore, the only remaining possibility is that v = but u =|= from 
which (77, u, v) = (77, u^, 0) 6 QSi according to ( 11.14b . ( 11.31 ). and Theorem lA.4l This proves the claim. □ 

The next lemma implies, in particular, that if £3 is unbounded in R + x W+ x W+, then it is unbounded 
with respect to the parameter 77: 

Lemma 5.3. Given M > 1 there is c(M) > such that ||u||w„ + IMIw, ^ c(M) whenever (77, u, v) e £ 3 
with rj ^ M . 

Proof. Let (77, u, v) e £3 with 77 ^ M. Recall £, 77 > 1 and observe 

d a v - A D v = -f3 lV 2 - f3 2 uv ^ -f3 lV 2 , «(0) = £V , 

whence 

^ v(a) ^ vt(a) s£ rc£ 2 , aeJ, (5.4) 
by Lemma lATI and Theorem lA.4l Similarly, 

si u(a) ^ u v {a) ^ kt] 2 sC nM 2 , a 6 J . (5.5) 

Hence 

\\u(a)\\ CXl + \\v(a)\\ v _ <c(M), a e J . 
and we conclude with the help of Lemma lzTl □ 

To show that £3 joins ©2 with Si for certain values of £, we require the following auxiliary result. 
Recall that ipi is the positive eigenfunction of — A 73 corresponding to the principal eigenvalue Ai > with 

Halloa = 1. 

Lemma 5.4. Set [i\ : = Ai + ct2n£, 2 and mo := e a2K ^ am . Given 77 > mo let z v (a) := f ri (a)Lpi, a e J, 
where 

fii air/- e ~ Xia '" 
fvW '■= 7777, ) aeJ, c„ — 



c^/zie^ ia — ai fii 77 — mo 

Then z n is increasing in 77 e (mo , 00) and z v ^ u on J x flfor any (mu,v) e £3 with 77 > mo- 
Proof Note that f + [iif n = —aif 2 , whence 

d a z v — Adz v = —aiz 2 — a?2K£ 2 z r ) — F on J x ft , 

where F := ai(f v — z^z^ ^ 0. Due to the definition of c ri > ai/fii and dl.6l ). it is easily seen that 
z n (0) si rjZrj. The comparison principle stated in Lemma lA2l ( 15.4b . and (I1.141 > then yield u ^ z n on J x f] 
for any {rj,u,v) 6 £3 with 77 > too. That z ri is increasing in 77 e (too, 00) follows from d v f v (a) > 
for a e J. □ 
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We remark that ( 12.41 ), Lemma |5~4l Lemma |A~3l and Theorem |A.4| ensure that both maps 77 >-> r(Hrp 2Z i) 
and 77 i-> r(H [P2Uv] ) belong to C((m , oo), (0,1)) and are strictly decreasing with r(iJ [feu ^) sC r^^]) 
for 77 > m and lim^o r( J ff [/32Ui;] ) = 1, hence 

(, 1 ™ D r (%^])) _1 > (J™ ^^i))" 1 =: ^ 6 C 1 ' 00 ] 

is well-defined. 

Remark 5.5. As Lemma l5.4l en,5Mre,)f H^Hoc ~~ * 00 for r] — > 00, we conjecture N = 00. 
Note that for any £ e (1, AT) there is a unique 773 := %(£) > 1 such that 

^(% 2 n, )3 ]) = l- (5.6) 

In this case, the continuum £3 connects 052 with 05 1 and the value of 773 determines the point where £3 
joins up with 05 1: 

Corollary 5.6. If £ e (1, N), then £3 jo/ns with 05i af f/ie point (773, it^ , 0). 

Proof. Let £ e (1, AT). If (77, u, v) e £3 with 77 > mo, then u ^ z n by Lemma l5~4l hence 

1 = r(£H [01v+ p 2u] ) sC r(£H [02Zv] ) 

owing to Lemma |A~3l and (12.81 ). Since the right hand side tends to £/N < 1 as 77 — > 00, there must be some 
M = M(£) > 1 such that 77 ^ M for any (77, w, v) e £3. Thus £ 3 joins up with 03i due to Lemma |5T2"l and 
Lemma l531 say, at (77, Ufj, 0). To determine i) we first recall that 

(77, u, v) = (77, m,-«i,d)eMxW, x W, 

solves ( |1.14| )-( fTTT5l ) subject to Jl.3t-dl.4l) if and only if (77, w, v) £ R x W g x W q solves 

d a w — Apw = aiw 2 — 2aiu v w + ct2U ri v — a^vw , ttj(0) = r/W , (5.7) 

d a v-A D v = -/3 1 v 2 -l3 2 v(u ri -w), v(0)=€V, (5.8) 

where we put 

bx(a)w(a)da, V := b 2 (a)v(a)da. 
Jo 

Introducing 

T := (d a ~ AdiJo)- 1 e C(h q x <^ 2/ ",W 9 ) 

and the operators 

acting on (w, v) e W q x W q , equations ( I5.7l i. (I5.81 l are equivalent to 

(tfl, v) - K* (77) (w, v) + R* (w, v)=0. (5.9) 

The operators K* and R* possess the properties stated in ( 13.141 i- (13.161 l. Now, as £3 joins up with 03i at 
(fj,Uf!,0), there is a sequence ((r)j, Uj, Vj))j in £3 converging to (77, u^, 0). Set Wj := u Vj — Uj and note 
that Wj e W+ according to ( 15. 5\ . As u v depends continuously on 77, formulation ( 15.91 ) and the properties of 
K* and R* readily imply (see, e.g., the proof of ll20l Lem.6.5.3] or Lemma [3~7l > that 

\\(w j> v j )\\ WqXV , q 
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converges to some eigenvector (<j>,ip) e W+ x W+ of K*(ff) associated to the eigenvalue 1 and thus 
satisfying ( 15.7b . d5.8l ) with 77 = 77 when higher order terms are neglected: 

d a (j) - A D (j> = -2aiUjj(^ + > 0(0) = »7 * > 

Suppose ip = 0. Then the first equation yields 0(0) = r}i?pai« j j]0(O) and thus, since 0(0) e Wg ) ^ 9 \{0}, 
we obtain from Lemma|A~3land (12.9b the contradiction 



1 ^ r}r(if [2c(1 ^]) < r7r(i? [aiUj5] ) = 1 . 

Therefore, ?/)=)= and hence ?0(O) 6 W^rf^viO}. The equation for i/i ensures ?0(O) = ^^[ / g 2Uj? ]'0(O), 
whence ^r{Hx^ Ufj \) = 1. We conclude 77 = 773 according to ( 15.6b . □ 

Finally, we show that £3 connects the two semi-trivial branches if assumption (11.16b holds. 

Corollary 5.7. Suppose (11.16b and let £ > 1 be arbitrary. Then the rj-projection of is contained in the 
interval (1,£]. In particular, £3 joins 032 w/f/i S81. 

Prao/ Given $ e % 2 ^ 2/9 ' + and u, v e Wj" we have 

(%«+Q3»] -^i«+/3 2 «]) $ = (M a ) - b 2(a))U[p lV+ p 2U j(a, 0)$da 

Jo 

+ &i(a)(n (a, 0) - Ii[fs lV+ i3 2U ] ( a , 0)) * da . 

Jo 

Since a\u + a 2 i> ^ j3iv + P2U by (11.16b . the parabolic maximum principle implies 

(n [Qltl+Q2t ,](a,0) -n [/3l „ +fcu] (a,0))$ on Q, , a e J , 
whence H[ aiU+Q2t ,] ^ ff^ 1IJ+ ^ M ] by the above equality from which 

r{H[ aiU+a2V ]) ^ r{Hyj xV+ fc u }) 
due to [1 Thm.3.2(v)]. Thus, given (77, u, v) e £3 we have 

by ( 12.8b and ( 12.71 ). So the 77-projection of £3 is contained in (1, £]. Due to Lemma l5T2l and Lemma l331 this 
in particular implies that £3 joins S2 with 23 1. □ 



This completes the proof of Theorem ll.4l 

Appendix A. Auxiliary Results: Semi-Trivial Branches 
In this appendix we collect certain results regarding the parameter-dependent equation 

d a u — Adu = — a\u 2 , u(0, •) = 77 61(a) u(a, •) da . (A.l) 

Jo 

Most of these results have been proved in J29). 

Suppose (11.5b and (11.6b in the following. We first recall a comparison principle (see [29 Lem.3.2]) 
for parabolic equations with nonlocal initial conditions of the form IA.1I which, in particular, guarantees 
uniqueness of positive solutions: 
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Lemma A.l. Let 77 > 1 and F e L+. Suppose u, v e W+ satisfy either 



d a u — Ajju = —ol\u 1 + F in J x Q , u(0) ^ 77 61 (a) u(a) da 

Jo 

8 a v — Ajjv = — a\v 2 in J x ft , u(0) = 77 v(a) da 



or 



f 

Jo 

61(a) 





5 a u — Aqu = — a\u in J x £1 , u(0) = 77 61(a) u(a) da , 

Jo 

<9 a v — A^tj = — aiv 2 — F in J x Q , u(0) ^ 77 61(a) w(a) da . 

Jo 

r/ien u ^ w. 

Along the lines of the proof of 11291 Lem.3.2] one may also derive the following variant: 
Lemma A.2. Let 77 > 1 and F e L+. Lef R > ant/ suppose u,w,v e wif/i v ^ R on J x £1 satisfy 

d a u — Adu = — u\u 2 — oiiuv in J x ft , u(0) = 77 6i(a)u(a)da, 

Jo 

61(a) w(a) da . 



Tnen 7i 7«. 

Properties of solutions to ( I A. It are connected to operators of the form iJ^j as introduced in Section [2] 
The next lemma is a consequence of the famous Krein-Rutman theorem 0] Thm.3.2] and gives information 
about the spectral radii of such operators. We refer to |29l Lem.3.1] for a proof. Actually, the proof of 
Lemma IaTI given in |29| is based on the next lemma. 



Lemma A.3. For h e C e ( J, C(fl)) with g > 0, the operator e IC(W^ ^ q ) is strongly positive, i.e. 
d2.3t holds. In particular, the spectral radius r(H^) > is a simple eigenvalue with an eigenfunction 
B[h] belonging to int(Wf D , ' + ). It is the only eigenvalue of with a positive eigenfunction. Moreover, 
if h and g both belong to C a ( J, C(Cl)) with g ^ h but g ^ h, then r(H^ ) < r{Hn l -\ ). 



Finally, we gather results from [29] about properties of solutions to ( lA.lt being fundamental for the in- 
vestigation of dl.lt - dl.4t . Recall that Ai > is the principal eigenvalue of — A^> with positive eigenfunction 
ipi (normalized such that ||yi|oo = !)■ 



Theorem A.4. For each 77 > 1 there is a unique solution u n e W+\{0} to equation dA.U . The mapping 
(77 1 — > u v ) 6 C x ((l, 00), W 9 ) is real analytic with ||Ujj||w, -* as 77 — > 1 and ||uj ; |w, — » °o as 77 — > 00. 
There is n > such that, for 77 > 1, 



2 ^ .. ,_■> ^ A i V ~ 1 



K77 ^ u„(a) ^ — ; r (fix on Q, a e J , (A. 2) 

' ' w ai 7y(e Aia - 1) + 1 -e- Al ( a ™- a ) 

ant/ -g-u^a) £ int(W^£ ) 2 ^ , ' + ) - /»r a 6 J. 7/771 > 772, f/ien 7/^ itjj 2 . Finally, if t] 1, f/zen dA.lt /iai no 
solution in W+\{0}. 

The proof of this theorem is given in ||29l Thm.2.1, Cor.3.3, Lem.3.6, Lem.3.7] except for the analyticity 
of the mapping 77 h-» u n . However, this follows exactly as in the proof of [29, Thm.2.1] (see subsection 3.3 
therein) by taking into account the real analyticity of the mapping 

T : (1, oo)xW,^L 9 x W^ /q , (77, u) h-> (d a ii - A D u + a lU 2 , u(0) - 77 J 61(a) u(a, ■) da 
and invoking the implicit function theorem for analytic maps, e.g. [6 Thm.4.5.4]. 
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